Abstract. We study spacecraft motion near a binary asteroid by means of theoretical and computational tools from geometric mechanics and dynamical systems. We model the system assuming that one of the asteroids is a rigid body (ellipsoid) and the other a sphere. In particular, we are interested in finding periodic and quasi-periodic orbits for the spacecraft near the asteroid pair that are suitable for observations and measurements. First, using reduction theory, we study the full two body problem (gravitational interaction between the ellipsoid and the sphere) and use the energy-momentum method to prove nonlinear stability of certain relative equilibria. This study allows us to construct the restricted full three-body problem (RF3BP) for the spacecraft motion around the binary, assuming that the asteroid pair is in relative equilibrium. Then, we compute the modified Lagrangian fixed points and study their spectral stability. The fixed points of the restricted three-body problem are modified in the RF3BP because one of the primaries is a rigid body and not a point mass. A systematic study depending on the parameters of the problem is performed in an effort to understand the rigid body effects on the Lagrangian stability regions. Finally, using frequency analysis, we study the global dynamics near these modified Lagrangian points. From this global picture, we are able to identify (almost-) invariant tori in the stability region near the modified Lagrangian points. Quasi-periodic trajectories on these invariant tori are potentially convenient places to park the spacecraft while it is observing the asteroid pair.
1. Introduction. The dynamics of asteroid pairs has recently become a topic of interest, specially since the first binary asteroid, Ida-Dactyl, was discovered by the Galileo spacecraft in 1993. It is currently estimated that up to 20% of near-earth asteroids (NEA) are binaries [26] , and other examples have been found among the asteroid main-belt, in the Trojan swarms and as transneptunian objects [33] . The problem of two rigid bodies orbiting around each other attracted by their mutual gravitational forces is challenging from the geometric mechanics point of view [5] . Moreover, a very interesting problem with applications to astrodynamics is the description of the dynamics of a massless particle (e.g., a spacecraft) moving under the influence of the binary [41, 11] . Indeed, binaries can be used as real-life laboratories to test rigid-body gravitational dynamics. As such, these theoretical studies may be relevant for a possible future mission to binaries.
The objective of this paper is to construct and study a model for the motion of a satellite orbiting a binary asteroid. To do this, we first have to develop a model for the asteroid pair itself. A binary asteroid provides a canonical model for general full body problems (FBPs); see [24, 39] . FBPs are concerned with the dynamical interaction between distributed bodies of finite mass. In particular, the full two-body problem (F2BP) considers the dynamics of two spatially extended bodies that interact via their mutual gravitational fields. In this paper, we consider the "sphere restriction" of the F2BP [20] . That is, it is assumed that one of the rigid bodies is spherically symmetric and thus can be considered as a point mass. As for the other rigid body, we assume that it is a triaxial ellipsoid. The study of this simple model of an asteroid pair will give some hints on the dynamics of spacecrafts about binaries, and it can be generalized further using, for instance, more complicated potentials [47] .
One of our first goals is to find stable relative equilibria of this F2BP with the property that we can later build models for the satellite motion around the pair. Moreover, as we look first for simple relative equilibria, we also assume that the two bodies are restricted to moving in a plane. This makes the reduction process and the equilibria characterization much simpler, but not too simple, as the coupling between rotational and translational motion is still there. For a probe sent to a binary asteroid, it is plausible to assume that the underlying F2BP is in some type of relative equilibrium. As the study of more complex models will be important in the future, we have to first understand the simplified cases. Thus, we devote the first part of the paper to studying the F2BP by means of reduction methods [28] , to identifying its relative equilibria, and to proving nonlinear stability for some cases with the aid of the energy-momentum method [44] .
Following this, we choose a particular stable relative equilibria of the F2BP, which corresponds to a periodic orbit in the original system, to construct a model for the satellite orbiting the binary. This model is a restricted problem of three bodies, but one of the primaries is a rigid body. In the literature this type of model has been called the restricted full three-body problem or RF3BP [41] .
As is well known [45] , the restricted three-body problem (RTBP) has five equilibrium points, and two of them form an equilateral triangle with the primaries. These equilateral equilibrium points, also called Lagrangian points, may persist when one of the primaries is not a point mass but a distributed body [2, 41, 12] . The position and stability properties of these points are, of course, affected by the perturbation and are thus modified. In the second part of the paper, we study how these equilibrium points are modified depending on the variation of the parameters of the problem.
In some previous works [11, 12] , we have studied this problem using normal form techniques near the triangular points of some particular RF3BP, which are simpler than the ones presented here. Even though these tools give quite satisfactory results for a range of parameters, the zone around the fixed points where the dynamics can be described by the normal form is not very big. In this paper, we extend the description of this dynamics to larger regions of the phase space.
To achieve this goal, in the last part of the paper we apply a dynamical systems-based tool, namely frequency map analysis [21, 37, 16] , to study the global dynamics around the Lagrangian points. We are able to identify relatively large neighborhoods of these equilibrium points in phase space at which the trajectories are stable for a long time. As far as we know, this is the first time that this powerful numerical tool (frequency analysis) has been applied to orbit mechanics about asteroids.
Previously, a wavelet-based frequency analysis [46] has been used to study the transport in the Sun-Jupiter RTBP. The advantage of this method appears in problems where the frequencies vary with time, for example when there is relatively "fast" transport from one region of phase space to another. In our problem, we are interested in the dynamics close to an elliptic point, and the results given by the wavelet method should be similar to those presented here. In particular, we look for tori that are "invariant enough," i.e., tori where we can place the spacecraft for a long enough time (the meaning of this will be clarified later on). In this case, if there is transport between nearby tori, the transport should be slow.
The paper is organized as follows. In section 2, we develop and study a model of the asteroid pair. The relative equilibria of the reduced binary system are characterized, and their stability is studied by means of the energy-momentum method. In section 3, we construct the model for the satellite orbiting the asteroid pair, i.e., the RF3BP, and we find the new coordinates of the modified Lagrangian points of the RTBP and study its spectral stability. In section 4, we study the global dynamics near the Lagrangian points of the RF3BP by means of frequency analysis methods. This global study allows us to find (almost-) invariant tori and trajectories very close to quasi-periodic, which are pretty suitable for the satellite. Finally, in section 5, our conclusions and future directions are presented. For the convenience of the reader, we add in the appendix a brief review on Abelian reduction theory, which is used in section 2 to study the F2BP.
Stability of the asteroid pair.

Reduced model for the binary.
To model the asteroid pair, we consider the mechanical system of a triaxial ellipsoid and a sphere that interact via the mutual gravitational potential and are allowed to move in a plane. In an inertial reference frame, the kinetic energy of the system is
where q and Q are the positions of the sphere's center and the barycenter of the ellipsoid and m and M are, respectively, the masses of the sphere and the ellipsoid. I zz is the component orthogonal to the plane of motion of the inertia tensor of the ellipsoid, and the angle ϕ is as shown in Figure 1 . This system is invariant under translations. Thus, defining the relative position of the bodies as r = q − Q and taking as unit of mass the reduced mass, i.e., mM/(m + M ) = 1, the system is described by the Lagrangian functional
where · denotes the Euclidean norm and V (·) is the gravitational potential of the system. The Legendre transform, (p, p ϕ ) = (ṙ, I zzφ ), gives the Hamiltonian formulation of the problem:
We assume that the axes of the ellipsoid, (α, β, γ), are ordered as 0 < γ ≤ β ≤ α = 1 and that the "γ axis" is orthogonal to the plane of motion. Thus, the longest axis of the ellipsoid is taken as the unit of length. The unit of time is taken such that GmM = 1. The mass parameter of the system will be denoted ν = m/(m + M ), and then the moment of inertia of the ellipsoid is I zz = (1 + β 2 )/(5ν). To write the mutual gravitational potential function of the ellipsoid and sphere, we use Ivory's theorem [25, 38] :
, and λ(r, θ) > 0 is the largest root of Φ(r, θ; λ(r, θ)) = 0.
This system still has an overall rotational symmetry; that is, it is invariant under rotations in the plane of motion. In other words, the action of the symmetry group SO(2) leaves the system invariant. Hence, to reduce the dimensionality of the problem, we apply the abelian reduction reviewed in the appendix.
For this purpose, by introducing polar coordinates and relative angles (see [12] ), we write the Hamiltonian function in a much more convenient way:
where p θ = r 2θ + r 2φ and p ϕ = r 2θ + (r 2 + I zz )φ. Notice that ϕ is a cyclic variable of the Hamiltonian (2.4), and therefore its conjugate momentum p ϕ is conserved (Noether's theorem).
We then apply cotangent bundle reduction (see section A.2): The momentum map is given by J(r, θ, ϕ, p r , p θ , p ϕ ) = p ϕ and corresponds to the total angular momentum of the system in the new coordinates. The locked inertia tensor (instantaneous inertia tensor when the relative motion of the two-body system is locked) is I(r, θ, ϕ) = r 2 + I zz . The mechanical connection is the 1-form given by A(r, θ, ϕ) = r 2 r 2 +Izz dθ + dϕ. For a fixed angular momentum p ϕ = μ, we finally perform the shift from J −1 (μ) to J −1 (0) as
The reduced Hamiltonian in J −1 (0)/S 1 has only two degrees of freedom, (2.5) and V μ (r, θ) is the amended potential,
where Φ(r, θ; u), Δ(u), and λ(r, θ) > 0 are as defined before, and μ ∈ R is the total angular momentum (fixed). The reduced symplectic form is noncanonical and given by ω μ = dr ∧ dp r + dθ ∧ dp θ − 2μI zz r
The equations of motion in the reduced space can be easily derived from
where (x, y) denote the configuration-momenta conjugate pair and i X Ω is the interior product (or contraction) of the vector field X and the 1-form Ω:
Relative equilibria.
We are now interested in finding the stable (we will make precise later on in which sense) fixed points of the reduced equations. The relative equilibria (or fixed points of the reduced equations) satisfy [27] :
The first two equations give
and the last two give
where R α and R β denote the elliptic integrals
2.2.1. Spheroid. First, let us look at the case where the in-plane axes of the ellipsoid are equal. In this case, 0 < γ < β = α = 1, and thus R α = R β . Then, (2.9) is satisfied automatically ∀θ ∈ T.
From (2.8) and assuming r > 1,
where in this case
In relative equilibria, the distance between the two bodies is constant (r ≡ constant). We can thus define the following parameter:
The relative equilibria can be seen in the unreduced space as uniformly rotating systems. Then, ω is precisely the angular velocity of this rotating system.
In this degenerate case, the elliptic integral R α is trivially integrable, and we obtain the following condition for relative equilibria: Given r > 1 and γ < 1, Note: For fixed γ < 1 and r > 1, we have a degenerate "circle" of relative equilibria (∀θ ∈ T) with the binary rotating (in an inertial frame) at a constant angular velocity ω satisfying (2.11). Also, for fixed mass parameter ν, we can compute I zz = 2/(5ν) and then the angular momentum μ from (2.10).
2.2.2.
Triaxial ellipsoid. Now, we focus on the triaxial ellipsoid, where 0 < γ ≤ β < α = 1. Here, R α = R β , and (2.9) yields sin 2θ = 0, which means that relative equilibria satisfy
Geometrically, we can distinguish between two types of solutions [40] : 1. LAE (long-axis equilibria) when θ = 0 or π (see Figure 2 (a)), and 2. SAE (short-axis equilibria) when θ = ± π 2 (see Figure 2 (b)).
Again, defining the angular velocity of the system as in (2.10), we obtain the following relations between ω and r: 1. LAE:
2. SAE:
, (2.13) where recall that Δ(u) = (1 + u)(β 2 + u)(γ 2 + u). Here, for fixed 0 < γ ≤ β < 1 and R ≥ 1, there is a fixed point with coordinates (r, θ) = (R, kπ/2) for an angular velocity ω satisfying (2.12) for k mod 2 = 0, or (2.13) for k mod 2 = 1. Moreover, given the mass parameter, ν, one can compute the ellipsoid's moment of inertia I zz = (1 + β 2 )/(5ν) and, using (2.10), the angular momentum of the system μ.
Stability of relative equilibria: Energy-momentum method.
We apply the energymomentum method of Simo, Lewis, and Marsden [44] to study the stability of the relative equilibria that we have just found. According to this method (see also [31, 3] ), to carry out the stability analysis of the LAE and SAE, we must compute δ 2 V μ on the subspace orthogonal to the group G μ -orbit (in this case,
From (2.6), it is easy to see that
(LAE and SAE) and where A, B ∈ R and their values depend, of course, on the particular relative equilibrium.
In the spheroid case, α = β, and thus
where ω satisfies (2.11) and B = 0. This is due to the fact that the relative equilibria are degenerate. Therefore, the energy-momentum method is not conclusive for the "circle" of relative equilibria in the spheroid-sphere particular case. 1. Stability of LAEs. In this case, θ = 0 or π and thus
where ω is given by (2.12). As α > β, R α < R β and thus B > 0. Then, (a) if A > 0, the LAE is (linearly and nonlinearly) stable; (b) if A < 0, the LAE is unstable (the index is odd [31, 35] ).
In Figure 3 , we show some ranges for the parameter values that give stability of the LAE. 
Stability of SAEs. In this case
where ω is given by (2.13). As α > β, R α < R β and thus B < 0. Then, (a) if A > 0, the SAE is unstable (the index is odd [31, 35] ); (b) if A < 0, the stability of the SAE requires further analysis. In this case, we study their spectral stability by computing numerically the eigenvalues of the linearized vector field at the fixed points of the reduced system. In Figure 4 , we show ranges for the parameter values for which the SAE are spectrally stable, unstable, or complex unstable. 
RF3BP.
We focus now on a satellite influenced by the gravitational potential of the binary. To model the motion of this satellite, we assume that the binary is in a relative equilibrium, and we use the study performed in the last section. As the relative equilibria found in section 2.2 are periodic orbits for the unreduced system, we will write the equations of motion for the satellite in a rotating reference in which the asteroid pair is fixed.
We consider binaries such that the rigid body (ellipsoid) is "big" and the spherical body is "small." Hence, we assume that ν 1. This situation is thought to be the most common in the main belt [33] . Moreover, as for ν 1 and moderate R values the SAE are spectrally stable, we will also assume that the binary is moving in this particular solution of the F2BP. For a study of the motion of a spacecraft near a binary in LAE, see [41] .
We will now derive the equations of motion for a satellite orbiting a binary in SAE. We start by assuming that the barycenter of the system is at the origin. As in an inertial reference frame, the SAE is a uniformly rotating motion [12] , and we write the equations for the spacecraft in a rotating frame for which the two massive bodies, ellipsoid and sphere, are fixed. More concretely, we choose a reference system where the centers of mass of the ellipsoid and sphere are at the configuration points (−νR, 0, 0) and ((1 − ν)R, 0, 0), respectively; see Figure 5 . In this case, note that the longest axis of the ellipsoid is parallel to the y axis. Even though the uniformly rotating motion of the binary is in the xy-plane, we will consider that the satellite is allowed to move in the entire three-dimensional xyz-configuration space. The equations of motion for the spacecraft in this situation can be constructed similarly to the RTBP equations [45] . They allow a Hamiltonian formulation and can be obtained from the following Hamiltonian function:
where (x, y, z) is the position of the spacecraft in the rotating reference frame, (p x , p y , p z ) are the conjugate momenta, and ω is the angular velocity of the rotating system (2.13). We define R to be the distance between the ellipsoid and sphere barycenters. Then, r 2 2 = (x − (1 − ν)R) 2 + y 2 + z 2 . The gravitational potential coming from the ellipsoid is computed as before but considering that now the reference frame is tilted by 90 • . Then, we compute V (x, y, z) using In this case, the symplectic form of the system is canonical, and the equations of motion for the spacecraft are very easy to derive. From now on, we will denote this problem the RF3BP, and the differential equations arė
, where
,
.
To compute these elliptic integrals, we use Carlson's elliptic integral of the second kind [4] :
where
Substitutes of the Lagrangian points.
As was mentioned before, it is well known [45] that the RTBP has five equilibrium points. Three of them lie on the x axis and are called collinear or Eulerian points, and two of them, the triangular or Lagrangian points (also known as L 4 and L 5 ), form an equilateral triangle with the primaries. Here, we are interested in investigating how the rigid-body (ellipsoid) affects the position and stability of these triangular points. See Figure 6 .
The fixed points of the RF3BP satisfy the following set of equations:
There are three solutions satisfying y = z = 0 that correspond to the "perturbed" collinear points. These equilibria are unstable [2] and therefore not suitable for constructing orbits in which to park a spacecraft. A priori, one could think that the collinear points of the RF3BP can have applications similar to the RTBP [29] , such as the Genesis Discovery Mission, and that it can be cheap to park a spacecraft near them by using the so-called center manifold [18, 15] . But this is not true in the current study. The difference is that in the binary asteroid problem the time scale is much shorter. This makes things such that the correction maneuvers, necessary to compensate the normal instability of the orbits, have to be performed too often to be feasible in practice.
We look for solutions such that z = 0 and y = 0. If there were no rigid-body effects, these fixed points would correspond to the RTBP L 4 and L 5 . They are thus the substitutes of the Lagrangian points and satisfy
We have numerically solved these equations for certain values of the parameters β, γ, ν, and R by means of Newton's method. In Figure 7 , we plot the (x, y)-projection of these fixed points for y > 0 (there is a symmetric solution at −y) after shifting and rescaling in such a way that the ellipsoid is centered at (0, 0) and the sphere at (1, 0). After fixing β and γ, we vary the mass parameter ν from 10 −3 to 0.5 and the distance between primaries from R = 1 to R = 10. Every red dot in Figure 7 corresponds to the substitute of the L 4 fixed point for a particular set of parameter values. More concretely, the red point at the bottom corner of every figure corresponds to ν = 10 −3 and R = 1; the point at the top-left corner to ν = 0.5 and R = 1; and, the point at the top-right corner to ν = 0.5 and R = 10. See caption for more details.
Recall that, in these units, the Lagrangian point (L 4 ) is at the position (x, y) = (0.5, √ 3/2). From the pictures, we can see that for small ν (big rigid-body) and short R (the two bodies are close) the position of the fixed point deviates a lot from the L 4 position. For larger ν values and moderate distances between the primaries, the fixed point is closer to the RTBP triangular region. 
Spectral stability of the equilibrium points.
We focus now on the study of the stability of the substitutes of the Lagrangian points in the RF3BP. In this section, we consider their spectral stability, i.e., stability w.r.t. eigenvalues of the linearized vector field. In section 4, we will study the nonlinear stability by means of a numerical method.
We begin with the linearization of the system (3.1) at the equilibrium point that substitutes L 4 . We then compute numerically its eigenvalues. Similarly at the RTBP, this study shows that for "small" mass parameter values (ν 1), the fixed points are spectrally stable and, for larger ν, they are complex unstable, although in certain cases the critical value is larger than the Routh mass [41] .
In Figure 8 , we show some examples of the spectral stability behavior of the perturbed triangular fixed points of the RF3BP for different types of ellipsoids. We also superimpose on these pictures the stability zone of the SAE of the corresponding binary system.
In the next section, to perform a numerical global study of the stability region around the perturbed Lagrangian points in the RF3BP, we will be interested in the cases for which the underlying binary system is in a stable SAE and for which the corresponding triangular fixed point is spectrally stable. Thus, we will look at the intersection of the green and red zones in Figure 8 .
Global dynamics around the Lagrangian points.
In this section, the refined Fourier analysis method (see [16] ) is used to study the dynamics around the tadpole region of the Lagrangian points. First, we obtain a global dynamical picture of the neighborhood of the fixed points. Later we identify trajectories that are very close to quasi-periodic motion and place the spacecraft in them, to simulate its dynamics while it is in a position in which to make observations of the binary system.
As the computations involved in this section are very intensive, we do not intend to perform a systematic study of the dynamics in terms of the parameters (which we believe was approached in the last sections), but we will choose a particular set of parameter values close to an actual asteroid pair. We thus start by fixing the four parameters of the RF3BP in the following manner: β = 0.7576, γ = 0.6314, ν = 1.16 × 10 −3 , and R = 5.873. These particular values approximate the ones of the binary Kalliope-Linus system, placed in the main-belt (see [17] ). Even though observations suggest that this asteroid pair is not in SAE, as an illustration of how the method works we will construct the model for the spacecraft assuming that the underlying binary with these parameter values is actually in SAE. Here, we use the construction of the RF3BP as in section 3. In this case, the uniform rotation of the binary in SAE is ω = 7.01844077933 × 10 −2 , which corresponds to a complete revolution every 3.6 terrestrial days.
For this particular set of parameter values, the triangular points of the RF3BP are elliptic fixed points. From the eigenvalues of the linearized system, it is possible to obtain the frequencies of the normal oscillators at the equilibrium point:
Under generic conditions, the Kolmogorov-Arnold-Moser (KAM) theorem [19, 1, 34] (see [23] or [43] for a survey) ensures the existence of many quasi-periodic trajectories in a small neighborhood of these fixed points. In practice, the domain of applicability of the KAM theorem is much smaller than the actual stability region, which can be extended far from the elliptic point [32, 14, 8, 9] . In this section, we explore numerically this stability region near the Lagrangian points of the RF3BP by means of the frequency analysis method.
Frequency analysis and global dynamics. Let
be a quasi-periodic function for which we know a table of equidistant values in the time span [0, T ]. The frequency analysis algorithm will provide the values of the frequencies ν k and the amplitudesã k of a functionf (t) = ã k e iν k t that approximates f (t) in [0, T ]. The actual method used for approximating the frequencies is the one given by [16] . The procedure consists, basically, of equating the discrete Fourier transforms of the sampled initial data and of the quasi-periodic approximation. For an introduction to the frequency analysis (FA) method, see [21] .
With the help of the FA method, we construct pictures of the global phase space dynamics near the Lagrangian fixed points. As the phase space is six-dimensional (the RF3BP is a three degrees of freedom problem), we need to reduce dimensionality by fixing some coordinates to constants. We thus study particular slices of phase space that are relevant for the dynamics.
The practical implementation is as follows. First, we transform the Cartesian coordinates of (3.1), (x, y, z, p x , p y , p z ), to spherical coordinates (ρ, θ, λ, p ρ , p θ , p λ ) centered at the rigidbody barycenter by means of the canonical change of variables given by the generating function
This change is useful in the visualization of the global dynamics, since it is well known that the stability region near the RTBP Lagrangian points is of the "banana shape" [32, 13, 8, 9] . Thus, we believe that they are a good set of coordinates with which to investigate the neighborhood of the RF3BP triangular points as well.
The spherical coordinates of the upper (y > 0) triangular point for the Kalliope-Linus system are
The zone of interest is a sufficiently large neighborhood of this point in phase space, and one can fix some coordinates to study some particular slices. We zoom into a window in the (ρ, θ)-space enclosing this triangular point by fixing all the momenta equal to the momenta of the fixed point,
, and by choosing different slices for the inclination λ = Λ, where Λ is a constant. In the experiments, we choose Λ = 0
Inside the (ρ, θ)-window we pick a regular mesh of 57,600 initial conditions and integrate them in the interval of time [0, T ], with T = 50,000 adimensional units (this corresponds to about 2,000 terrestrial days in the Kalliope-Linus system). Then, we take 32,768 sample points for every trajectory and use the refined Fourier analysis [16] of this sample to evaluate the three basic frequencies (recall that the RF3BP is a three degrees of freedom system) of the orbits that we call ω (1) 1 , ω (1) 2 , and ω (1) 3 . Afterwards, we repeat the integration in the interval of time [T, 2 T ] and recompute the frequencies. In this case, we call them ω (2) 1 , ω (2) 2 , and ω (2) 3 .
Finally, we consider the values δ j = |1 − ω (2) j /ω (1) j |, j = 1, 2, 3, as an estimation of the diffusion (see [37] and [36] ) related to the orbit starting at the phase space point (ρ, θ, λ, p ρ , p θ , p λ ). We call δ j the diffusion index. The values of δ j give an estimation of the chaoticity of the particular orbit. That is, if the trajectory associated with an initial condition is quasi-periodic, then δ j should be zero.
In Figure 9 , we show several contour plots of the function σ j = log δ j for j = 1 (we obtain similar pictures for the σ 2 and σ 3 cases). Every picture is performed for a fixed initial inclination λ = Λ, from Λ = 0 • (top-left) to Λ = 8 • (bottom-right). We plot a color depending on the value of the diffusion index: blue zones (δ 1 < 10 −10 ) correspond to initial conditions whose trajectories are close to quasi-periodic; yellow-to-red zones (δ 1 > 10 −2 ) are related to strongly irregular and escaping motion.
As we already mentioned, the top-left picture in Figure 9 corresponds to zero initial inclination, i.e., Λ = 0 • . In synodic coordinates, this is the xy plane of motion. As this plane is invariant under the dynamics of (3.1), all orbits starting at this particular slice will remain in this plane and thus will be coplanar to the motion of the binary. We note that the stability zone for this particular plane is quite different from the well-known "banana" region of the RTBP [32, 14, 8] . In particular, for a similar mass parameter ν 10 −3 , the stability zones near the RTBP L 4 and L 5 are extended to a much larger domain in the xy plane [9] .
When one increases the inclination Λ from 0 • to 8 • , we see that the stability zone shrinks rapidly until it "breaks" at about Λ ∼ 6.5 • and disappears at about Λ ∼ 10 • . This is also very different from the RTBP case, since it is well known (see [14, 36] ) that the stable zone for the Sun-Jupiter RTBP (ν 10 −3 ) grows until Λ ∼ 17 • and does not disappear until Λ > 45 • (recall the existence of the Trojan asteroids, which can be observed at inclinations larger than 40 • ; see [7, 10] ).
Gallery of quasi-periodic spacecraft trajectories.
We now use the global dynamical pictures obtained in the last section to effectively compute (close-to) quasi-periodic orbits near the upper triangular point of the RF3BP. These orbits will lie on near-invariant tori of dimensions 2 and 3.
To construct these tori, we proceed as follows. First, we choose initial conditions from the global dynamical pictures that have a small associated index (we will make precise later how small). A trajectory corresponding to one of these initial conditions will remain very close to an invariant torus with frequencies ω 1,2,3 (computed as in section 4.1). Thus, we can numerically integrate these initial conditions for a "long-enough" time and generate the (almost-) invariant torus (it would be invariant if the diffusion index was exactly zero).
In Figures 10 through 15 , we show some examples of these (almost)-invariant tori. All of the images have been generated by looking for initial conditions in the global pictures of Figure 9 with a diffusion index δ 1 smaller than 10 −12 . In particular, we have integrated them for a time span of T = 450,000 adimensional units, that is, about 50 terrestrial years. We could thus send a spacecraft to one of these tori, and the satellite would orbit in this (almost) quasi-periodic orbit, without any need of extra propulsion, for at least 50 years; this is a period more than enough for a mission of this type.
More concretely, Figure 10 shows the xy-projections of nine planar tori. These tori lie on the zero inclination (I = 0 • ) plane and, as this is an invariant plane for the RF3BP, spacecraft trajectories on these tori will be coplanar with the orbital motion of the binary. In Figures  11 and 12 , we plot the xy-, xz-, and zż-projections of six three-dimensional tori with initial inclination I = 2 • . In Figure 13 Figure 14 . Any particular orbit chosen on these tori with nonzero initial inclination can be useful for a spacecraft devoted to performing observations of the asteroid pair from different perspectives. Finally, in Figure 15 , we plot the three-dimensional xyz-projections of some tori that appear in Figures 13 and 14 . As we mentioned before, for larger inclinations the stability region vanishes, and therefore no quasi-periodic orbits are found near the Lagrangian points for I ≥ 10 • .
Conclusions.
In this paper, we have developed and studied a model for a satellite orbiting an asteroid pair. First, geometric mechanics was used in the modelization process of the F2BP and in studying the stability of its relative equilibria. Then, an RF3BP was constructed to describe the motion of the satellite, and numerical methods were used to study some of its global stability properties. The main tool for the numerical investigation was the frequency map analysis, which provides a very nice global view of the dynamics of this model. Moreover, this global dynamics can be used in practice to preselect initial conditions for satellite trajectories. Due to the stability properties of these particular orbits, they are very suitable for parking the spacecraft on them in such a way that there is no need to spend extra energy in the station-keeping.
Another interesting result of this paper comes from the analysis of the stability region near the Lagrangian points of the RF3BP and its comparison with the RTBP. We have seen that the rigid-body effect of one of the primaries is to make this stability region smaller in both the equatorial plane of motion and in inclination. As an example, for ν ∼ 10 −3 (which is very close to the Sun-Jupiter mass parameter), the stability region in the RF3BP vanishes for inclinations I ≥ 10 • , while in the Sun-Jupiter RTBP (or even in the real solar system) we know there are objects in stable orbits up to inclinations of I ∼ 40 • [9] .
Dissipative mechanisms, such as solar radiation pressure, solar wind drag [42, 22] , or the Poynting-Robertson effect, might destroy the stability regions as dissipation-induced instabilities do (see, for instance, [6] ). In our case, though, we ignore the effect of solar radiation pressure on the orbiting spacecraft, an approximation that is excellent for a mission to a main-belt binary system. For near-Earth asteroid binary systems, a future study will be done to map out how this additional force modifies the dynamics.
Much work still needs to be done at a theoretical level before sending an actual probe to a binary asteroid. This paper contributes to this problem by applying to it the frequency analysis method and showing a way of finding stable satellite orbits. Future work following this line of investigation could consider several different aspects of the problem: first, one could compute and study similar stability regions for more complex rigid-body gravitational systems (like that in [47] , for instance) or for two-body problems that are not in relative equilibrium (e.g., the rigid-body is rotating faster than the relative orbital velocity of the other primary [41]); second, it seems interesting to apply the same method for finding orbits that are not necessarily close to the equilibrium points (orbits that go around one of the primaries, encircle both primaries, retrograde orbits, etc.).
Appendix. Abelian reduction. General setting. In this appendix, we review the reduction process for a system that is invariant under the abelian Lie group SO (2) . We perform the reduction on both sides of the problem, Lagrangian and Hamiltonian, and show that they are equivalent via the reduced Legendre transform.
Let us start by assuming that the configuration space Q can be written as a product of the circle S 1 and a manifold B called shape space, i.e., Q = S 1 × B and q = (q 0 , q α ) = (θ, r α ), with q ∈ Q, θ ∈ S 1 and r α ∈ B ⊆ R n .
Let us assume that the symmetry group G = SO(2) = S 1 acts trivially in the following way:
where G is a Lie group with Lie algebra g = R and dual Lie algebra g * ∼ = R. We also assume that the Lagrangian is of the type kinetic minus potential energy. Then, it can be written, in a local trivialization of the tangent bundle T Q, as follows:
where g ij is a Riemannian metric and summations over i, j = 0, 1, . . . , n are understood. The corresponding Hamiltonian on the cotangent bundle T * Q is given by
where g ij is the inverse of the metric g ij , (q, p) = FL(q,q) is the Legendre transform of (q,q) ((q i , p i ) = (q i , g ijq j )), and the symplectic form is canonical, i.e., Ω = dq i ∧ dp i .
A.1. Lagrangian reduction.
We start with the Lagrangian rewritten in the following form:
where q 0 = θ ∈ T; q j = r j , j = 1 ÷ n; and α, β = 1 ÷ n. Note that L = L(θ). Thus, θ is a cyclic variable, and the corresponding conjugate momentum p θ = g 00θ = ∂L ∂θ is conserved. While the classical theory of Routh reduction is valid, we will use modern Routh reduction [30] , which applies in a much more general framework. The ingredients needed in the reduction process (see [30] for details) are the following:
• Infinitesimal generator: Given ξ ∈ g * , the infinitesimal generator corresponding to the group action can be computed as follows:
, (ξ, 0)).
• Lagrangian momentum map: The associated momentum map J L : T Q → g * is given by J L ((q,q)) · ξ Q = FL(q,q), ξ Q (q) = (g 0jq j , g αjq j ), (ξ, 0) = g 0jq j ξ.
Thus, J L (q,q) = g 00θ + g 0αṙ α .
• Locked inertia tensor: The locked inertia tensor is the instantaneous tensor of inertia when the relative motion of the two bodies is locked. If we denote by ·, · the scalar product induced by the metric g ij , the locked inertia tensor I(θ, r α ) : g −→ g * is given (locally) by I(θ, r α )η, ξ = ((θ, r α ), (η, 0)), ((θ, r α ), (ξ, 0)) = g 00 ηξ. ). For a given μ ∈ g * ∼ = R, the mechanical connection on the fiber Q → Q/G is α μ (θ, r α ) = μdθ + μA α dr α .
• Amended potential: For μ ∈ g * , the amended potential is defined as • Routhian: The Routhian is a function on T Q defined as The general reduction theory [28, 30] where the metric elements g ij correspond to the inverse of the metric g ij . That is, g ij g jk = δ k i , where i, j, k = 0, . . . , n, and δ k i denotes the Kronecker delta function. Thus, we assume that the initial Hamiltonian is invariant under the action of the abelian symmetry group G = SO(2) = S 1 .
Let us perform the computations of all the extra ingredients needed in the reduction in the Hamiltonian side [27] , as follows:
• Momentum map: The momentum map corresponds to the angular momentum of the system: J : T * Q −→ g * J(θ, r α , p θ , p r α ), ξ = (p θ , p α ), (ξ, 0) = p θ ξ.
Thus, J(θ, r α , p θ , p r α ) = p θ .
